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Abstract. Dynamic steady-state crack growth has been analyzed under mode 1 plane stress, small-scale yielding 
conditions using a finite element procedure. A Perzyna type viscoplastic constitutive equation has been employed 
in this analysis. The viscoplastic work rate is converted into heat input and the temperature distribution is 
determined by solving the governing conduction/convection equation also by a finite element method. The 
Stream-line Upwinding Petrm,-Galerkin formulation has been employed for this purpose because of the high P~clet 
number that results in such a type of analysis. The effect of strain rate sensitivity and crack speed on the 
temperature distribution ear the crack tip is examined. 
1. Introduction 
Temperature rise during dynamic crack growth in ductile materials occurs because the 
plastic work is converted into heat. It is important o investigate this temperature rise 
because it may affect he material behaviour. Also, it may have a significant influence on the 
fracture toughness values. Some early experiments by Krafft and Irwin [1] and Eftis and 
Krafft [2] on fracture toughness display the influence of temperature. Krafft and Irwin [1] 
found that the fracture toughness of a 6A1-4V titanium alloy increased steadily with loading 
rate, when tests were conducted at room temperature. However, a minimum in fracture 
toughness occurred when the test was conducted at a temperature higher than the room 
temperature. Eftis and Krafft [2] observed (by using a combined rate scale) that a minimum 
in fracture toughness for mild steel is reached for a crack velocity that is only a small fraction 
of the elastic wave speed. As pointed out by Rice and Levy [3], it is difficult to believe that 
this could be caused by inertia alone. 
Recognizing the above factors, Rice and Levy [3] calculated the temperature rise in 
mode I crack growth using the Dugdale model. It was found that the Dugdale model predicts 
very high temperatures because of a large concentration of plastic straining directly ahead 
of the crack tip. Weichert and Schonert [4, 5] determined the temperature distribution for 
a steady-state crack growth condition by treating the crack tip as a moving heat source. They 
considered both a circular as well as a rectangular heat source and found the temperature 
rise to be of the order of 1000°C for brittle materials. Kuang and Atluri [6] used a finite 
element procedure with a moving mesh to predict the temperature rise. They assumed the 
heat source to be either uniform or to have a 1/r singularity. Also, they considered the total 
strength of the heat source to be a constant. Within the above framework, they allowed the 
crack to grow at different velocities and computed the temperature ise, which was found to 
be of the order of 1000°C. 
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Douglas and Mair [7] used the asymptotic fields for mode III dynamic rack propagation 
and estimated the temperature ise near the crack tip. The constitutive equation was assumed 
to be elastic-perfectly plastic. They concluded that the relative temperature ise decreases 
with increasing crack velocity. Malali [8] conducted a finite element analysis to calculate the 
stress and strain fields near the crack tip during dynamic rack propagation under mode III 
small-scale yielding conditions in an elastic-perfectly plastic material. The temperature ise 
was then computed using the integral based on superposition of heat sources given by 
Carslaw and Jaeger [9] which was also employed by Rice and Levy [3]. 
Experimental measurement of the temperature ise at the vicinity of a rapidly propagating 
crack tip is extremely difficult. This is because a material point attains the maximum 
temperature in a few micro-seconds. Also, the temperature rise during crack growth is 
confined to a very small region near the crack tip. Fuller, Fox and Field [10] measured 
temperatures in PMMA material using thermocouples and a temperature s nsitive liquid 
crystal film as well as by an infrared etector. They found that the temperature ise is almost 
a constant for a range of velocities varying from 200-650 ms ~ and is approximately 500°C. 
Weichert and Schonert [5] measured the temperature ise in glass and quartz using a very 
sensitive radiation thermometer. In a very recent study, Zehnder and Rosakis [11] have 
employed high speed, high resolution, non-contact infrared sensors to detect he temperature 
rise during rapid crack growth in a 4340 carbon steel. In their initial experiments, they 
measured a temperature ise of about 450°C close to the crack tip. A number of attempts 
have also been made to estimate the temperature increase under fatigue loading conditions 
[12, 131. 
Theoretical and numerical studies of the mechanics problem of dynamic rack propa- 
gation have been performed by a number of researchers [14-19]. Freund and Douglas [14] 
examined the asymptotic fields for anti-plane shear crack growth in a rate independent 
elastic-plastic material under steady-state conditions. They also showed that the dynamic 
fracture toughness i  a strong function of the velocity of crack growth. A similar analysis for 
mode I plane strain was undertaken by Lain and Freund [15]. Asymptotic rack tip fields 
were studied theoretically by Slepyan [16], Achenbach and Dunayevsky [17], Gao and 
Nemat-Nasser [18] and Guo et al. [19]. 
The effect of material rate sensitivity in dynamic fracture has been well recognized [20-24]. 
Lo [20] obtained the asymptotic stress and strain variations for a rate sensitive plastic 
material during dynamic rack growth under both anti-plane shear and plane strain con- 
ditions. Freund and Hutchinson [21] and Freund et al. [22] have used a high strain rate 
constitutive equation to study steady-state dynamic rack growth under mode I plane strain. 
They employed an approximate analytical technique in the earlier work [21] and subsequently 
validated the results by a finite element analysis [22]. Brickstad [23] used a Perzyna type [25] 
viscoplastic onstitutive quation to analyze transient crack growth experiments in a cold 
rolled steel. Freund and Douglas [24] have examined the effect of rate sensitivity on the 
relationship between dynamic fracture toughness and crack velocity under mode III using 
a finite element analysis. 
From the above review, it may be observed that very little research work has been devoted 
to studying the effect of strain rate sensitivity on the temperature ise near the crack tip 
during rapid crack propagation. Rice and Levy [3] have underscored the importance of 
taking into account the increase in flow stress with strain rate (since the strain rates 
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experienced by material points close to the growing crack tip are large) in the temperature 
rise calculations. As a first step in this direction, Sung and Achenbach [26] have used a plane 
strain solution to estimate the peak temperature near a dynamically propagating crack tip 
in a viscoplastic material. Also, the above review indicates that no attempt has thus far been 
made to determine the temperature ise using a (consistent) finite element analysis to solve 
both the mechanics and thermal problems. 
In this paper, a finite element analysis has been performed to study the stress and strain 
fields near a steadily propagating crack tip as well as the temperature distribution around 
the tip. Plane stress, mode 1 small-scale yielding conditions together with a viscoplastic 
constitutive equation of the Perzyna type have been assumed in this analysis. The particular 
material properties that have been used here to report the results correspond to the cold 
rolled steel employed by Brickstad [23]. Section 2.1 of this paper explains the numerical 
procedure for solving the mechanics problem and 2.2 the numerical procedure for solving 
the thermal problem. Results and discussions are given in Section 3. 
2. Numerical procedure 
2.1. The mechanics problem 
In this paper, steady state dynamic rack growth under mode I, plane stress, small-scale 
yielding conditions has been simulated using the finite element procedure mployed by Lam 
and Freund [15] and Freund and Douglas [14]. A semi-infinite crack is assumed to grow with 
velocity v in an unbounded body such that the zone of inelastic deformation is contained in 
a small region near the crack tip and the elastodynamic K-field [27] holds good at points far 
away from the crack tip. The essential features of this formulation are outlined below. A 
more detailed escription may be found in [14, 15]. 
The equations of motion with respect o a set of Cartesian coordinates x~, x 2 centered at 
the crack tip and translating with it may be written as 
(~O'~fl (~2 Ua 
~Xl~ = pV 2 63X~ , (1) 
where a,~ is the stress tensor, us is the displacement vector and p is the mass density of the 
material. Standard tensor notation is employed here, with repeated indices implying sum- 
mation. Further, Greek indices such as ~, r, y etc. have the range 1, 2. The crack has 
been assumed to grow in the xl direction with velocity v and the steady state condition, 
O( )lOt = (') = -vO( )[Sxl, has been used to arrive at the above equation. 
In order to simplify further development, the crack tip coordinates and field quantities are 
normalized as 
x:l(g/~°)~ } 
u: I(K=IE<7o) 
and 6~ = a jao  
(2) 
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Here, o0 is the initial yield stress, r, o = ao/E is the initial yield strain, E is the Young's 
modulus and K is the remote dynamic stress intensity factor. Also, rn, = v/c, will denote a 
normalized crack speed, where c, = (11/to) 1/2 is the elastic shear wave speed and 11 is the shear 
modulus of the material. 
Using the above normalizations, the equilibrium equation (1) may be rewritten as 
C6~t ~ _ l C 2 ~ 
8.()~ 2(1 + v)m~ 8.'~ ' (3) 
where v is the Poisson's ratio. An additive decomposition of the small strain tensor is 
assumed as 
k~/, = ~:;/~ + %~, (4) 
where £~/¢ is the normalized elastic strain and £P/~ is the normalized viscoplastic strain. The 
normalized stresses are related to the normalized elastic strains by 
where (~',t>~ is the elasticity tensor divided by the Young's modulus E. 
A virtual work representation f (3) may be written as [15] 
-% m~ 6% 
+ ,,i 8~,~ T~ 2(1 ~- v) ('):~1 t/l dS. (6) 
Here, (5£~/~ is the virtual strain tensor and i?~ is the normalized traction vector acting on the 
portion Sr of the boundary (of the domain V) whose outward normal is n~. 
By applying the usual procedure, the finite element equilibrium equations may be obtained 
from (6) as 
KU = F + R. (7) 
The stiffness matrix K and the force vectors F and R in the above equation are defined as 
follows: 
m~ 8N 7 ~N " j - :  dV' K = i B~¢B dV 2(1 + v) [-~1 <\1 
( ,£  8~ ) 
F : .(s, NJ  ¢ 2(1 + v) ?.{', n, dS 
R = j" B~Ca 'dV  
(8) 
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In the above equations, U is the vector of nodal point displacements, N is the shape function 
matrix and B is the strain displacement matrix• In the present study, rectangular four-noded 
isoparametric elements were employed with bilinear shape functions. No attempt has been 
made to incorporate the singularity of the strains by using special crack tip elements in order 
to avoid unnecessary ambiguity in the solution. 
The constitutive quation used here is the one suggested by Perzyna [25], which assumes 
that the viscoplastic strain rate is a function of the over-stress. The particular form of this 
constitutive law that is employed is given by 
= ] q r,j = %j ,  (9) 
where fl is a viscosity parameter, 4)is the over-stress function, ~;' is the rate of plastic flow 
and r~j is the flow direction. The over-stress function 4) and the flow vector r,j are chosen 
as  
3s~/ 
r~ j -  2ff 
( lo)  
In the above equation, s~j is the deviatoric stress tensor, 6 = ~ is the Mises equivalent 
stress and n is the rate exponent. Here, ~ represents he second invariant of deviatoric stress 
tensor. Equation (9) can be expressed using the normalization (2) as 
021 - B*q~r~j = ~ rij, (11) 
where fl* = (EKZfl/a3v). In this small-scale yielding formulation, the normalized parameter 
fl* characterizes the degree of rate sensitivity. For fixed crack speed v, a small value of [t* 
implies that either fl is small or K (i.e., the plastic zone size) is small. Hence, at a certain 
(2~, 22), rate effects are expected to be stronger for smaller fi*. 
The important difference in the numerical formulation for rate independent and rate 
dependent materials is the stress update algorithm. The stress update procedure used here 
is the rate tangent modulus method ue to Pierce, Shih and Needleman [28]. Their algorithm 
was developed to integrate forward in time rate equations of the form (9), to obtain the total 
viscoplastic strains and stresses. However, in the present formulation, the total viscoplastic 
strain at a certain point (2~, 2,) is obtained by integrating equation (11) from the elastic- 
plastic boundary, in the negative 21 direction, along a line holding 22 constant. The initial 
state of the material outside the elastic-plastic boundary is made use of in completing the 
above integration. The normalized incremental p astic flow at a certain integration station 
2'( '+~ along the integration path may be obtained by a Taylor series expansion about the 
previous point 2'[' as [29] 
I An ~ 1 = a. /S 4,,,, Zt;,fl* 
- -  (1 + Z) + (1 + Z------~ 0,,,:C'Ag:,,, . (12)  
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The parameters g and (,, and the vector ~,, which enter the above equation are defined as 
- : " O , , ,=  • (13)  z t,,;, c .  r,,,) aa/,,, 
As noted earlier, the vector ,, represents he flow direction (see (10)). The parameter 0 in the 
above equation is chosen as 0.5 in the present study which corresponds to the trapezoidal 
rule [28, 29]. 
A large rectangular domain is modelled with the outer dimensions more than ten times the 
size of the crack tip plastic zone. Traction and/or displacement boundary conditions based 
on the elastodynamic K-field [27] are specified along the outer boundary of the domain. It 
is to be noted that the stiffness matrix in (8) is only a function of the crack speed and the 
elastic material properties and hence needs to be factorized only once for a given crack speed 
m~. On the other hand, the force vector contains the plastic strains as one of its constituents. 
In order to solve the non-linear equation (7), an iterative procedure has to be employed as 
indicated by Freund and Douglas [24]. The solution is started from fi* = 0 (elastic ase), and 
the value of fl* is gradually increased. 
2.2. The thermal problem 
In order to determine the temperature distribution, the thermal problem is solved in conjunc- 
tion with the mechanics problem. The work rate is calculated after solving the mechanics 
problem and is used as heat input in the heat conduction equation. The governing heat 
conduction equation is given by 
k Q aT 
- -  V2T  + - (14) 
p% pcp at ' 
where k is the thermal conductivity, %is the specific heat, Tis the temperature and Q = o-,i~P 
is the heat input. On making use of the normalizations given in (2), the above equation 
reduces to 
( azT a2T) aT 
D \ 02c~ + aYc~ ) + HQ. : -m,. Uc," (15) 
where 
H - m.~a~. D-  E[lk 
Epcp' (c,. ~o [~* cp pv)' 
0 = - 3"iJ (?~'~1 ' 
In the above equation, 0 denotes the normalized heat input and D is a normalized thermal 
diffusivity parameter. 
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Equation (15) is a convection/diffusion equation whose solution characteristics are governed 
by the P6clet number m,h/D, where h is the finite element mesh size. It should be noted that the 
P6clet number for the current problem is very high and ranges from 103-105. It is well known 
that such large P~clet numbers give rise to oscillations in the solution [30], when the convection/ 
diffusion equation is solved by the conventional Galerkin finite element formulation. 
In order to eliminate oscillations, the Stream-line Upwinding Petrov-Galerkin method, 
suggested by Brooks and Hughes [31] has been used to solve the heat transfer equation (15). 
In this method, the weighting function belongs to a function space which is different from 
that of the trial function. The weighting function is modified to weight he element upwind 
of a node more heavily than the downwind element. Also, unlike the conventional Galerkin 
method, the Stream-line Upwind Petrov-Galerkin method requires a discontinuous weighting 
function of the form [31] 
fie = W + p. (16) 
Here, W is the regular continuous weighting function and p is the stream-line weighting 
function which is discontinuous at the inter-element boundary and is given in [31]. 
For the rectangular element hat is used, the weighted residual formulation of (15) 
becomes 
fvW(m,~21)dV-  fvVW:(DVT) dV 
OT ) Ve + Ee fwp ms~xl + HQ. d + fv W(HQ.)dV = 0, (17) 
where the summation in the third term is carried out over all the elements in the mesh. It must 
be noted that the above formulation affects the weighting function of the convection term 
but not hat of the conduction term. Also, the stiffness matrix which is obtained when the 
above equation is converted into a finite element formulation is unsymmetric and consists 
of two terms. The first term is the contribution from thermal conduction and the second one 
is due to convection. The boundary conditions for the thermal problem were chosen such 
that the material is at room temperature in the purely elastic region outside the plastic zone 
and the temperature gradient across the downstream boundary of the mesh far behind the 
crack tip was assumed to be zero. 
In the problem studied, the viscoplastic constitutive properties as determined by Brickstad 
[23] for a cold roiled steel specimen have been used. These are given below: 
]~ = 4.1 x 103s l, 
n ~ 2 ,  
E = 2.1 x 105MPa, 
~r 0 = 1485MPa, 
p = 7800kgm -3. 
30 R. Krishna Kumar et al. 
The values of k and cp were chosen as 45 N s t °C I an 480 J kg L °C  ~ respectively. The 
value of the normalized strain rate sensitivity parameter fi* was varied from 5 to 400 for 
crack speeds m,. of 0.1, 0.3 and 0.5. Also, the constituents are regrouped as ~ = m,.fl* in 
presenting the results in Section 3, so that the velocity factor v is eliminated. In order to 
account for the effect of mesh discretization, the near-tip mesh was successively refined until 
the temperature difference between two meshes at a certain point close to the tip was less than 
5 percent. Also, in order to avoid unnecessary ambiguity due to mesh resolution, tempera- 
ture results in Section 3 will be presented only at a small finite distance from the crack tip 
(and not at the crack tip itsell). 
3. Results and discussion 
As mentioned above, for the purpose of discussing the results, a normalized viscosity 
parameter ~ = fi*m, is employed. It is noted from (11) that c~ is independent of crack 
velocity and contains only the material parameters and the remote stress intensity factor K. 
As mentioned earlier in connection with fl*, smaller values of c~ correspond to greater 
amounts of rate sensitivity. Results are presented below for ~ values ranging from 2.5 to 20. 
This range of c~ values corresponds to K varying from 175 to 500 MPax/~mm for the material 
chosen in Section 2. These K values are typical for this material [32], over the range of crack 
speeds that is considered here. 
P • The radial variation of the opening stress %2/a 0 and plastic strain e,22/~: 0 with respect o 
normalized istance ahead of the crack tip is shown in Figs. l a-c and 2a-c, respectively. 
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Results are displayed for different values of normalized viscosity parameter ~and crack 
speeds m~. It is seen from Fig. 1 that for ~ = 2.5 the stress near the crack tip is higher and 
decreases with increasing ~. In order to understand this result, it should be noted that 
materials with a high degree of rate sensitivity (low :~ values) can sustain larger stress levels 
in the vicinity of the crack tip, where strain rates are large. On the other hand, it may be 
observed from Fig. 2 that the plastic strain increases with ~. As pointed out by Freund and 
Douglas [24], the lower plastic strains for materials with higher degrees of rate sensitivity 
may result in a dramatic increase in fracture toughness values, when crack propagation 
occurs by a ductile mechanism. 
It can be noticed from Fig. 1 that a22/a ocorresponding to any fixed value of :~ increases 
strongly with crack speed for m~ < 0.3 (see Figs. la and lb), and only marginally for 
m~ > 0.3 (see Figs. lb and lc). This is because at low crack speeds rate sensitivity plays an 
important role leading to an increase in stress with crack speed. However, for m, > 0.3 
material inertia becomes ignificant and opposes the influence of rate sensitivity in elevating 
the stress. 
The effect of both rate sensitivity and material inertia is to decrease the plastic strains 
near the crack tip. The influence of the latter can be seen for high crack speeds (compare 
Figs. 2b and 2c). This has also been observed by Lain and Freund [15], Freund and Douglas 
[14] and Achenbach and Dunayevsky [17] for rate independent materials and Freund and 
Douglas [24] for rate dependent materials. It results in an increase in dynamic fracture 
toughness with crack speed for large crack speeds. 
For low crack speeds (m, < 0.3), it can be noticed from Figs. 2a and 2b that the plastic 
strain, e~2, and its normalized gradient, 3e~2/Uq, display a sharper decrease with crack speed 
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when the ~ value is small. This sharp decrease in plastic strain for highly rate sensitive 
materials is expected to result in a rapid increase in fracture toughness with crack speed, 
when crack speeds are small and inertia effects are unimportant (see [24, 33]). 
The radial variation of the normalized heat input, (~ = - 8u8{#//~21, ahead of the crack 
tip corresponding to m, values of 0.1, 0.3 and 0.5 is shown in Figs. 3a-c for three different 
:~ values. To facilitate easy interpretation, the temperature (rise) distribution ahead of the 
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Fig. 3c. Variation of normalized work rate (~ ahead of  the crack tip. ~ = 20.0. 
crack tip is presented in a similar manner in Figs. 4a-c as a function of 2~ for three different 
values of m, and ~. The corresponding temperature distribution directly above the crack tip 
with respect o 22 is displayed in Figs. 5a-c. 
It is seen from Fig. 4 that the temperature ise is a strong function of the parameter ~and 
the normalized crack speed m~. From small ~ values, the temperature ise ahead of the crack 
tip is highest for low crack speeds (Fig. 4a). For example, corresponding to ~ = 2.5, the 
temperature rise at 2, = 5 x 10 5 is 235°C, 200°C and 155°C for m, = 0.1, 0.3 and 0.5 
respectively. However, for large ~ values it is found from Fig. 4c that the temperature 
immediately in front of the crack tip initially increases with crack speed and then decreases. 
For example, corresponding to ~ = 20, the temperature rise at 2t = 5 x 10 -5 is 170°C, 
190°C and 160°C for m s = 0.1, 0.3 and 0.5 respectively. 
In order to understand the above results, it is important o examine the magnitude of the 
three times involved in the governing heat conduction/convection equation (15). As men- 
tioned earlier, the value of the P6clet number is large for the range of crack velocities 
considered here. Due to this, the convection term in (15) will dominate over the conduction 
term, provided that 82 T/82~ or 82 T/87c~ is also not large. Hence, it follows from this equation 
that for points which are not at or very near the crack tip, the temperature may be well 
approximated by the following integral: 
Epcp J~, Q(~' 22) d~. (18) 
Here Rp(2:) represents the distance to the elastic-plastic boundary from the crack tip in the 
positive 2~ direction corresponding to a certain value of 22. The above approximate result 
may also be obtained by performing an asymptotic expansion of the integral representation 
given by Rice and Levy [3] which is based on the superposition of distributed sources. 
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The variation of the normalized heat input Q ahead of the crack tip for a small ~ value 
(~ = 2.5) is shown in Fig. 3a, corresponding todifferent crack speeds. This figure shows that 
is highest for an m~ value of 0.1, which is followed by that for 0.3 and 0.5. The decrease 
in Q as ms varies from 0.3 to 0.5 is attributed to inertial effects. On the other hand, 
decreases as m~. increases from 0.1 to 0.3 because rate effects are strong in this case and cause 
a sharp drop in the plastic strain gradient (see remarks made earlier in connection with 
Figs. 2a and 2b). This offsets the elevation in stress with crack speed. 
As noted in the foregoing discussion, the effect of this variation in Q is reflected on the 
temperature distribution ahead of the tip shown in Fig. 4a. The temperature is found to be 
highest for ms = 0.1, followed by that for m, = 0.3 and 0.5. Also, the difference in tem- 
perature values between m~ = 0.1 and 0.3, as well as that between 0.3 and 0.5 increases as 
the crack tip is approached. These features in the temperature distribution are thus a 
consequence of (18). 
For large values of ~, it may be observed from Fig. 3c that Q near the crack tip is highest 
for ms = 0.3. This is followed by the curves corresponding tom~ = 0.5 and 0.1. The increase 
in Q as m, varies from 0.1 to 0.3 occurs because rate effects are mild in this case, and the 
decrease in plastic strain gradient is not sufficient o offset the elevation in stress with crack 
speed. At points away from the crack tip, Q is about the same for m~ = 0.3 and 0.1. This, 
however, is higher when compared with the curve for ms = 0.5. These variations in Q influence 
the temperature distribution ahead of the crack tip in accordance with (18), as explained below. 
It may be seen from Fig. 4c (for ~ = 20) that the temperature corresponding to m~ = 0.3 
and 0.1 is about the same and higher than that for 0.5 at points away from the crack tip. As 
the crack tip is approached, the difference in temperature between m, = 0.3 and 0.1 increases, 
while that between m~. = 0.1 and 0.5 decreases. 
On comparing Figs. 5a-c with Figs. 4a-c, it can be noticed that the temperature is higher 
as the crack tip is approached from above (i.e., along the ~, axis). Figure 5a shows that for 
a small ~ value, the temperature directly above the crack tip decreases as the crack speed 
increases. For example, corresponding to z~ = 2.5, the temperature rise at ~'~2 = 5 x 10 -5 
is 385°C, 360°C and 290°C for m, = 0.1, 0.3 and 0.5 respectively. On the other hand, 
Fig. 5c illustrates that for a large ~ value, the temperature corresponding to an intermediate 
crack speed (ms = 0.3) is higher than that for the extreme values of m, = 0.1 and 0.5. Thus, 
corresponding to ~ = 20, the temperature rise above the crack tip at -'~'2 = 5 x 10 5 is 
255°C, 320°C and 275°C for m~ = 0.1, 0.3 and 0.5 respectively. 
The above study clearly indicates the importance of the parameter ~and the (normalized) 
crack velocity m~ in determining the temperature distribution in a given viscoplastic material 
during dynamic crack growth. 
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